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Ñîâðåìåííàÿ ãèäðîäèíàìèêà 2024

Âîëíîâàÿ äèñïåðñèÿ â çàäà÷àõ

ãåîôèçè÷åñêîé ãèäðîäèíàìèêè

Ñòàðûå çàäà÷è, íîâûå ïîäõîäû

Ñåðãåé Èëüè÷ Áàäóëèí1,2,
Âëàäèìèð Ãðèãîðüåâè÷ Ãíåâûøåâ2

1Ñêîëêîâñêèé èíñòèòóò íàóêè è òåõíîëîãèé
2Èíñòèòóò îêåàíîëîãèè Ï.Ï. Øèðøîâà

28-30 àâãóñòà, 2024
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À.Ì. Ðóáåí÷èê, Å.À. Êóçíåöîâ. Î âîëíàõ íà
ìîðå è ðÿáè íà ëóæàõ. Êâàíò, 1980, � 9, 22-26
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Â ýòîì äîêëàäå

1 Äèñïåðñèÿ âîëí. Ëèíåéíûå âîëíû � íåçàêðûòàÿ òåìà

2 Ìåòîä ñòàö. ôàçû (Stationary Phase Method � SPA)

3 Ìåòîä ýòàëîííûõ ðåøåíèé (Reference Solution Approach)

4 Çàäà÷è
Ýëëèïòè÷åñêèé èñòî÷íèê êîíå÷íîãî ðàçìåðà
Êîðàáåëüíûå âîëíû íà ãëóáîêîé âîäå
Ãðàâèòàöèîííî-êàïèëëÿðíûå âîëíû
Èçãèáíûå âîëíû â ëåäÿíîì ïîêðîâå
Êâàçèäèñïåðñèÿ: ïðîáëåìà SPA íî íå RSA

5 Âûâîäû è ïåðñïåêòèâû

You are welcome to copy this presentation
badulin.si@ocean.ru
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Ëèíåéíûå âîëíû � ëèíåéíàÿ ñóïåðïîçèöèÿ
ýëåìåíòàðíûõ ãàðìîíèê

Îãðàíè÷èìñÿ ñèíóñàìè-êîñèíóñàìè â çàäà÷å î ñâîáîäíûõ
âîëíàõ , íî çàìàõíåìñÿ íà ïðîèçâîëüíóþ ðàçìåðíîñòü n è
êîíå÷íûé ðàçìåð è ôîðìó èñòî÷íèêà

fn(x , t) = Re
{
(2π)−n/2

∫
Fn(k) · exp[i(kx − ω(k)t)]

}
dk

Cauchy-Poisson problem

äèñïåðñèÿ âîëí ðàçíîé äëèíû
Cauchy (1815)

1 Âîëíû îò ëîêàëüíîãî
íà÷àëüíîãî âîçìóùåíèÿ
íà ïîâåðõíîñòè ãëóáîêîé
æèäêîñòè:

2 Âîëíû îò èìïóëüñà ïðè
íåâîçìóùåííîé
ïîâåðõíîñòè
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Äèñïåðñèÿ íàîáîðîò � âîëíû-óáèéöû

Çàäàäèì íà÷àëüíîå óñëîâèå òàêîå, ÷òîáû . . .

fn(x , t) = Re
{
(2π)−n/2

∫
Fn(k) · exp[i(kx − ω(k)t)]

}
dk

Ïðîñòîå îáðàùåíèå çàäà÷è ïî âðåìåíè äàåò ýôôåêò

University of Oxford � concentric wave singularity
19 ãàðìîíèê åäèíè÷íîé àìïëèòóäû

https://www.youtube.com/watch?v=0lEsNMh03LI
anim_freak.avi
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Ìåòîä ñòàöèîíàðíîé ôàçû (SPA)
Hamilton (1841); Stokes (1905); Kelvin (1906) è äð.

Èíòåãðàë îò áûñòðîîñöèëëèðóþùåé ôóíêöèè

fn(x , t) = Re
{
(2π)−n/2

∫
Fn(k) · exp[i(kx − ω(k)t)]

}
dk

Îñíîâíîé âêëàä âíîñÿò ñòàö. òî÷êè
∂φ

∂k
=

∂ω

∂k
|st −

x

t
= 0

f1(x , t) = |F1(ωst)|
√

2
π|ω′′

st |t
cos (kstx − ωstt±π/4)

Áîëüøîé ïàðàìåòð → ìåäëåííîñòü èçìåíåíèÿ Fn →
òî÷å÷íûé ïàêåò;

¾Òî÷å÷íûå¿ ãðóïïîâàÿ ñêîðîñòü ω′
k è äèñïåðñèÿ ω′′

kk ;

Ïðîáëåìû ñ ðàçìåðîì è ôîðìîé ïàêåòà;

Îáîáùåíèå íà ìíîãîìåðíûé ñëó÷àé íåòðèâèàëüíî
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Ñòàöèîíàðíàÿ ôàçà â ìíîãîìåðíîì ñëó÷àå

Ðàññìîòðèì ðàçëîæåíèå Òåéëîðà

ω(k , l) = ω(k0, l0) + ω′
k(k − k0) + ω′

l(l − l0)

+1/2ω′′
kk(k − k0)

2 + 1/2ω′′
ll (l − l0)

2 + ω′′
kl(k − k0)(l − l0)+ . . .

Ïîÿâëÿåòñÿ ñîîòâåòñòâóþùàÿ êâàäðàòè÷íàÿ ôîðìà

A2 =

∥∥∥∥ tk20ω
′′
kk tk0l0ω

′′
kl

tk0l0ω
′′
kl tl20ω

′′
ll

∥∥∥∥
è åå èíâàðèàíòû

det(A2) = t2k20 l
2
0

[
ω′′
kkω

′′
ll − (ω′′

kl)
2
]
; � ¾îáúåì¿ ïàêåòà

Tr(A2) = t
[
k20ω

′′
kk + l20ω

′′
ll

]
� ñäâèã ôàçû
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Ìåòîä ýòàëîííûõ ôóíêöèé � àëüòåðíàòèâà è
íîâûå çàäà÷è (Kelvin, 1906)

Õîòèì óéòè îò SPA è íåìíîãî ìåíÿåì ïîñòàíîâêó, ñëåäóÿ
êëàññèêå (Kelvin, 1906). Ñëàáî ìîäóëèðîâàííûé ãàóññîâ (íå
òî÷å÷íûé !!!) ïàêåò â x−ïðîñòðàíñòâå

f2(x , y , t = 0) =
1

∆x∆y
exp

[
ik0x + il0y − x2

2(∆x)2
− y2

2(∆y)2

]
îí æå ñïåêòðàëüíî óçêèé â ïðîñòðàíñòâå âîëíîâûõ âåêòîðîâ
∆k/k0 ≪ 1, ∆l/l0 ≪ 1

F2(k , l) = exp

[
−(k − k0)

2

2(∆k)2
− (l − l0)

2

2(∆l)2

]
,

Äàëåå îöåíèâàåì ñîîòâåòñòâóþùèé èíòåãðàë.
Îïðåäåëÿþùèé âêëàä äàåò îêðåñòíîñòü ìàêñèìóìà
¾øàïî÷êè¿ (ñì. ìåòîä Ëàïëàñà)
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×åì çàìå÷àòåëüíî ãàóññîâî ðàñïðåäåëåíèå?

Àïïðîêñèìèðóåì äèñïåðñèîííîå ñîîòíîøåíèå â îêðåñòíîñòè
ìàêñèìóìà ðàñïðåäåëåíèÿ (øàïî÷êè)

ω(k) = ω(k0)+ω′
kδk+ω′

lδl+
1

2
ω′′
kk

(
δk)2 + ω′′

ll (δl)
2 + 2ω′′

klδkδl
)
+ . . .

Ôóðüå-îáðàç ãàóññèàíû åñòü ãàóññèàíà (Fedoryuk, 1994)

∫
Rn exp

[
−1

2
⟨Bx , x⟩ − i⟨x , ξ⟩

]
dx

= (2π)n/2(detB)−1/2 exp
[
−1

2
⟨B−1ξ, ξ⟩

]
B è B−1 � ìàòðèöû êâàäðàòè÷íûõ ôîðì îïðåäåëÿþò
ðàñïðåäåëåíèÿ â ïðîñòðàíñòâàõ êîîðäèíàò è âîëíîâûõ
âåêòîðîâ
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ßâíûå âûðàæåíèÿ äëÿ âîëíîâîé ôóíêöèè

Ìîæåì çàïèñàòü ðåçóëüòàò â ÿâíîé ôîðìå

f2(x , y , t) = Ψ2(x , y , t) cos [ϕ(x , y , t)]

Ââåäåì µx = (∆k)2ω′′
kk , µy = (∆k)2ω′′

ll , µxy = ∆k∆lω′′
kl .

Îãèáàþùàÿ âîëíîâîãî ïàêåòà

Ψ2(x , y , t) = D−1/2 × exp
[
−C (ξx , ξy )/2D

2
]

ñ êâàäðàòè÷íîé ôîðìîé

C (ξx , ξy ) = t2
[
(ξxµxy − ξyµx)

2 + (ξyµxy − ξxµy )
2
]
+ (ξ2x + ξ2y ),

ëîê. êîîðäèíàò ξx = ∆k(x − cgr .x t); ξy = ∆l(y − cgr .y t),
Ïàêåòû � ýëëèïñû, êîòîðûå ìîãóò âðàùàòüñÿ â
ïðîñòðàíñòâå, ñòðåìÿñü ê ïðåäåëüíîé îðèåíòàöèè
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ßâíûå âûðàæåíèÿ äëÿ îáúåìà ïàêåòû
è ôàçîâîé ôóíêöèè

Îáúåì ïàêåòà D

D2 = | detB|2 =
[
1+ t2(µ2xy − µxµy

]2
+ t2(µx + µy )

2,

êàê â Ñòàö.Ôàçå ÷òî-òî íîâîå
Ôàçîâàÿ ôóíêöèÿ

ϕ(x , y , t) = k0x + l0y − ω(k0, l0)t − θ2(t)− ω2(x , y , t).

êàê â Ñòàö.Ôàçå ïî÷òè êàê íèêàê
Íåçàâèñÿùèé îò êîîðäèíàò ñäâèã

θ2 =
1

2
arctan

[
(µx + µy )t

1+ t2(µxy − µxµy )

]

äàåò â ïðåäåëå òî÷å÷íîãî èñòî÷íèêà (SPA) ±π/4 èëè 0
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Ýëëèïòè÷åñêèé îñöèëëèðóþùèé èñòî÷íèê
F2(k, l) = exp

[
− (k−k0)

2

2(∆k)2 − (l−l0)
2

2(∆l)2

]
× exp(ω0t), (∗)

Ðàçìåð ýëëèïñà√
(∆x)2 + (∆y)2) >>

1

|kv0|
Äèñïåðñèîííîå ñîîòíîøåíèå
ω0 =

√
g |k0|

Left � coordinate plane,
Right � wavevector plane

The pulse area 1/(∆x∆y) =
∆k∆l/|k |2 = 0.01 is �xed.

a,b � (∆l/∆k) = 2.25;
c,d � (∆l/∆k) = 4;
e,f � (∆l/∆k) = 6.25
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Ýëëèïòè÷åñêèé îñöèëëÿòîð. Îãèáàþùàÿ
Ðàçìåð îáëàñòè 500/π äëèí âîëí. Gnevyshev & Badulin (2023)

a) ∆y/∆x = 1 b) ∆y/∆x = 2.25

c) ∆y/∆x = 4 d) ∆y/∆x = 6.25
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Ïî÷åìó? Ïðîñòî ñìîòðèì íà ÿâíûå ôîðìóëû

Óäîáíî çàïèñàòü âûðàæåíèÿ â òåðìèíàõ ôàçû φ0 =
1
2
ω0t

Îáúåì ïàêåòà D2 =
(
1+ A2/2

)2
+ B2

ñîñòîèò èç ¾ñòàðîé¿ èçîòðîïíîé A = φ0
∆k∆l

κ2
è ¾íîâîé¿ àíèçîòðîïíîé ÷àñòè (non-SPA) B

B = φ0

[
(1− 3

2
cos2 θ)

(
∆k
κ

)2
+ (1− 3

2
sin2 θ)

(
∆l
κ

)2]
.

cos2 θB=0 =
2− α2

3(1− α2)
, α2 =

(∆l)2

(∆k)2

θK1 = arccos
√
2/3 ≈ 35.26◦ (θK2 = arcsin

√
2/3 ≈ 54.74◦)

åñòü êëàññè÷åñêèé óãîë Êåëüâèíà.

Ýëëèïñ ãåíåðèðóåò êðåñò !!!
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Ýëëèïòè÷åñêèé îñöèëëÿòîð.
Ôàçîâûé ñäâèã θ2. Âñå èíà÷å, ÷åì â SPA

a) ∆y/∆x = 1 b) ∆y/∆x = 2.25

c) ∆y/∆x = 4 d) ∆y/∆x = 6.25
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Ýëëèïòè÷åñêèé îñöèëëÿòîð.
Ñðàâíåíèå ñ òî÷íûì ðåøåíèåì

a) b)

-100 0 100

-150

-100

-50

0

50

100

150

10
1

10
2

10
3

10
-1

10
0

a) � Evolution of narrow-banded pulses (ε = ∆k/∆l = 6.25)
for di�erent directions relatively to the ellipse main axes.
Dashed lines � pulse trajectories for angles θ = π/2, θK1, θK2.
Circles correspond to φ0 = 25, 50, 75, 100, 125.

b) � The normalized envelope amplitude for di�erent directions
(see legend) as function of φ0. Solid line � direct simulation,
dashed � the RSA results.
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Î ïðèìåíèìîñòè íàøåãî ìåòîäà

Âáëèçè èñòî÷íèêà ðàáîòàåò ïî ïîñòðîåíèþ;

Íà áîëüøèõ óäàëåíèÿõ èìååò àñèìïòîòèêè SPA;

Íà ïðîìåæóòî÷íûõ ìàñøòàáàõ äàåò ¾íåîæèäàííûå¿
ýôôåêòû, ïîäòâåðæäàþùèåñÿ ïðè òî÷íîì ñ÷åòå.
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On ship waves, Mr William Thomson, Aug.1887
see review Svirkunov & Kalashnik (2014)
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Âîëíîâûå ñëåäû

Van Dyke, 1982

Íåò äèñïåðñèè∫ +∞
−∞ cos(kx)dk →
δ(x)

Îòðèöàòåëüíàÿ
äèñïåðñèÿ,
ñòåïåííîé çàêîí
Cp/Cg = const > 1

Çíàêîïåðåìåííàÿ
äèñïåðñèÿ,
ãðàâ.-êàïèëëÿðíûå
âîëíû
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Êîðàáåëüíûå âîëí ãëóáîêîé âîäå
Thomson (1887)è Gnevyshev & Badulin (2020b), AIP

Óñëîâèå ñòàöèîíàðíîñòè âîëí

-2

1

2

qD

qT

k

la)

-2        -1

q
1

a
D

a
D
= q

K
a

T
=

Cgr

F(k,l)

b)

-2

1

2

l

-1

0

Ðàñõîäÿùèåñÿ è ïîïåðå÷íûå

0.5 1 1.5 2

-0.8

-0.4

0

0.4

0.8

D

T

q
k

x

q
D

q
T

Cgr

a
D
=a

T

y

Ω(k) = (g |k |)1/2 + kU.

cos θ =
−k

(k2 + l2)1/2
,

x = Ω′
kt; y = Ω′

l t.

x =
U2φ0

g
cos θ (2− cos2 θ);

y =
U2θ0
g

sin θ cos2 θ.
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Êîðàáåëüíûå âîëíû íà ãëóáîêîé âîäå
Thomson (1887) è Gnevyshev & Badulin (2020b), AIP

Êàðòèíà çàâèñèò îò ðàçìåðà èñòî÷íèêà è ôîðìû èñòî÷íèêà
(÷èñëà Ôðóäà Fr2 = U2

gLx
è îòíîøåíèÿ α = Lx/Ly )
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Ãðàâèòàöèîííî-êàïèëëÿðíûå âîëíû
Gnevyshev & Badulin (2020a), Fluids

0 5 10 15
-10

-5

0

5

10

a)

0 50 100 150
-100

-50

0

50

100

b)

×èñòî ãðàâèòàöèîííûå (îòðèöàòåëüíàÿ äèñïåðñèÿ) (a)

÷èñòî êàïèëëÿðíûå (ïîëîæèòåëüíàÿ äèñïåðñèÿ) (b).

Âíèìàíèå íà îáåçðàçìåðèâàíèå !!!

ξ = 2U2

∗φ cos θ
(
2− cos2 θ

)
η = 2U2

∗φ sin θ cos2 θ

ξ =
φ

2U2
∗ cos

3 θ

(
2− 3 cos2 θ

)
η =

3φ sin θ

2U2
∗ cos

2 θ
.

Ïðîòèâîïîëîæíàÿ çàâèñèìîñòü îò U∗
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Ìèíèìóì ôàçîâîé ñêîðîñòè � ãëàâíûé ìàñøòàá

L = δ1/2g−1/2 = 0.275cm; T = δ1/4g−3/4 = 0.0167s;

δ = γ/ρ ≈ 74 cm3 · s−2 U∗ = UT/(
√
2L) = U/Cm − ÷èñëîÌàõà

-40 -20 0 20 40 60
-50

0

50

a)

-20 0 20 40 60 80
-50

0

50

b)

Äâà êîíóñà, Êåëüâèíà è Ìàõà
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Àìïëèòóäû âîëíîâîãî ñëåäà
Áóëüäîçåðíûé ýôôåêò

U∗ =
(
2
√
3− 3

)−1/4
ìèíèìóì ãðóïïîâîé ñêîðîñòè

α = 4 α = 1 α = 1/4
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Èçãèáíî-ãðàâèòàöèîííûå âîëíû â ëåäîâîì
ïîêðîâå, Badulin, Gnevyshev, Stepanyants, in prep.

Áåçðàçìåðíàÿ äèñïåðñèîííàÿ çàâèñèìîñòü ïîäîáíà
ãðàâ.-êàï. ñëó÷àþ
σ(κx , κy ) =

√
|κ| (1+ |κ|4) Côàçîâàÿ Cãðóïïîâàÿ

 0 0.3
g

0.6
p
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Ïîëåçíî ãîâîðèòü î äâóõ Ìàõàõ,
ôàçîâîì Mp = U/Cm è ãðóïïîâîì Mg = U/Cmg
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Â îòëè÷èå îò ãðàâèòàöèîííî-êàïèëëÿðíûõ âîëí
âàæíû ðåàëüíûå ìàñøòàáû
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Èçîôàçû ïîëÿ èçãèáíî-ãðàâèòàöèîííûõ âîëí äëÿ
Mp = 1.1417, 1.76, 2, 4

a) b)
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Ñíîâà îá àìïëèòóäàõ è ýôôåêòå ôîðìû
èñòî÷íèêà (¾áóëüäîçåð?¿)

α = 1/3

α = 1

α = 3
Mp = 1.417 Mp = 1.76
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Èíòåðåñíû íå òîëüêî ñìåùåíèÿ, íî è èõ
ïðîèçâîäíûå, à, çíà÷èò, ðåçêî ìåíÿþùèåñÿ ôàçû

α = 1/3

α = 1

α = 3
η θ2
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Êâàçèäèñïåðñèÿ âîëí Ðîññáè
Gnevyshev & Badulin (2017), Âåñòíèê ÌÃÓ

Äëÿ èçîòðîïíîãî äèñïåðñèîííîãî ñîîòíîøåíèÿ è ¾ïî÷òè
èçîòðîïíîãî¿ íà÷àëüíîãî èìïóëüñà ìû îáíàðóæèâàåì
ñóùåñòâåííóþ àíèçîòðîïèþ ðåøåíèÿ.
×òî áóäåò äëÿ àíèçîòðîïíûõ âîëí (ïðèìåð, âîëíû Ðîññáè)?
Åùå ðàç ïîñìîòðèì íà âûðàæåíèå äëÿ îáúåìà ïàêåòà

D2 = | detB|2 =
[
1+ t2(µ2xy − µxµy

]2
+ t2(µx + µy )

2,

SPA ∼ t−1,
non-SPA ∼ t−1/2 � àíîìàëüíàÿ (êâàçè-) äèñïåðñèÿ
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Êâàçèäèñïåðñèÿ âîëí Ðîññáè

Óñëîâèå êâàçèäèñïåðñèè

∆kl = (ω′′
kl)

2 − ω′′
kkω

′′
ll = 0 ïðè ω′′

kl ̸= 0

íå âûïîëíÿåòñÿ äëÿ èçîòðîïíûõ çàêîíîâ äèñïåðñèè.
Äëÿ âîëí Ðîññáè (â áåçðàçìåðíîì âèäå)

ω =
−k

k2 + l2 + 1

ïîëó÷àåì óðàâíåíèå ãèïåðáîëè÷åñêîé ëåìíèñêàòû (÷àñòíûé
ñëó÷àé ëåìíèñêàòû Áóòà) äëÿ ∆kl = 0

(
k2 + l2

)2
= 3k2 − l2
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Êâàçèäèñïåðñèÿ ïàêåòîâ âîëí Ðîññáè

  N

  W
-1.5 -1 -0.5

-1

-0.5

0

0.5

1

1 0,5 0 0,5 1

1

0,5

0,5

1a) y
c

x
c

4 3 2 1 0 1 2 3 4

4

3

2

1

1

2

3

4b) y
c

x
c

400 300 200 100 0 100 200 300 400

400

300

200

100

100

200

300

400

d)
y

c

x
c

40 30 20 10 0 10 20 30 40

40

30

20

10

10

20

30

40

c)
y

c

x
c

Èçî÷àñòîòû äèñïåðñèîííîãî

ñîîòíîøåíèÿ è óñëîâèå

âûðîæäåíèÿ äèñïåðñèè äëÿ

äèñïåðñèîííîãî óðàâíåíèÿ

áàðîêëèííûõ âîëí Ðîññáè

Ôîðìà ïàêåòà âîëí Ðîññáè ñ

âîëíîâûì âåêòîðîì

k̃ =

(
−1,

√√
17/4− 3/2

)
ïðè

t = 1, 10, 100, 1000. Èçîëèíèè 0.75

è 0.5 îò ìàêñèìóìà àìïëèòóäû
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Flierl (1977), JPO

Î÷åíü ïîõîæå, íî íå òàê
ðàäèêàëüíî êàê â íàøåì
ñëó÷àå êâàçèäèñïåðñèè
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Âûâîäû è ïåðñïåêòèâû

1 Ìåòîä ýòàëîííûõ ðåøåíèé
è åãî âîçìîæíûå îáîáùåíèÿ;

2 Ýëëèïòè÷åñêèé èñòî÷íèê â áåçãðàíè÷íîé ñðåäå
äëÿ ðàçíûõ âèäîâ âîëí;

3 Êîðàáåëüíûå âîëíû (èñòî÷íèê íà ñòàöèîíàðíîì
ïîòîêå):

4 Âîëíû â ëåäîâîì ïîêðîâå
è äðóãèå òèïû âîëí (íàïðèìåð, ïëàíåòàðíûå âîëíû �
ñì. íèæå). àìïëèòóäíûå ýôôåêòû ñ ó÷åòîì ôîðìû,
îðèåíòàöèè ýëëèïñà è ò.ï;

5 Ýôôåêò êâàçèäèñïåðñèè èçîòðîïíûõ âîëí Ðîññáè
è äðóãèõ òèïîâ âîëí;
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Ñïàñèáî çà âíèìàíèå
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